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ABSTRACT  
Lateral Torsional Buckling (LTB) is a mode of buckling that occurs when a flexural member undergoes both lateral 
deflection and twisting. LTB can be considered as a critical condition for laterally unsupported beams.  Current 
design specifications in North America (AISC 2010 and CSA S16-14) for LTB of wide flange (W-shape) and 
welded wide flange (WWF-shape) beams were derived from study of beams subjected to uniform bending moment 
distributions along beams’ lengths. Past studies on laterally unsupported I-beams indicated that geometric 
imperfection could significantly affect the LTB capacity of the laterally unsupported beams. Thus, research on effect 
of geometric imperfections for rolled and welded shape beams under uniform bending moment distribution is 
required. This paper presents results of detailed sensitivity analysis of initial imperfection on LTB capacity of 
laterally unsupported beams. A nonlinear finite element model is developed using the commercial finite element 
software ABAQUS. In total, 30 laterally unsupported beams (15 W-shape and 15 WWF-shape) with different levels 
of initial imperfections are analyzed. The beams are considered simply supported with uniform moments applied at 
the ends of beams. Initial residual stresses in both WWF-shapes and W-shapes that are reported in the literature are 
included in the FE model. 
 
Keywords:  Lateral torsional buckling, unsupported beam, geometric imperfection, finite element model, residual 
stress. 
1. INTRODUCTION 
Different structural steel design standards (e.g., CAN-CSA S16-14 (2009), AISC-ANSI 360-10 (2010), AS 4100 
(1998), and Eurocode 3 (2005)) follow different strength curves to calculate lateral torsional buckling (LTB) 
capacity of laterally unsupported I beams.  Eurocode 3 provides two different strength curves for rolled and welded 
section while CAN-CSA S16-14 makes no distinction between rolled and welded section. In addition, it does not 
provide any tolerance limit of initial out-of-straightness for LTB. However, several studies were conducted to 
investigate the effect of geometric imperfection i.e. initial out-of-straightness and residual stress on LTB and found 
substantial decrease in strength due to the presence of these geometric imperfections.  Also, a recent reliability 
analysis conducted by MacPhedran and Grondin (2011) suggests that current code (CSA S16-14) might 
overestimate the capacity for welded wide flange beams. Since design specifications in North America (i.e. AISC 
2010 and CSA S16-14) for LTB of both rolled and welded (W-shape and WWF-shape) beams were derived for 
constant moment situation along its’ length, it is necessary to perform a sensitivity analysis for initial geometric 
imperfection on LTB capacity of beams and evaluate the performance of current CSA S16-14 approach in predicting 
the moment capacity of laterally unsupported beams with various unbraced span lengths.  
1.1 Objectives and scope 
The objective of this study is to investigate the LTB capacity of rolled and welded (W-shape and WWF-shape) 
beams with different level of imperfections. A finite element (FE) model is developed using the commercial finite 
element software ABAQUS for the nonlinear inelastic analysis of beams with a wide range of unbraced lengths. The 
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FE model is then used to assess the combined effect of residual stress and initial out-of-straightness on LTB. In this 
study, residual stress are limited to those characteristic pattern (i.e. rolled beams, WWF-universal mill plate and 
WWF-flame cut) as reported in literature, while initial out-of-straightness at the mid-span of both rolled and welded 
beams are restricted to three factors (e.g. L/1000, L/2000 and L/5000). Furthermore, this study is limited to I-beams 
of Class 1 and Class 2 with equal moment at both ends. 
2. LITERATURE REVIEW 
2.1 Residual stress and initial imperfection 
Residual stresses present in structural steel shapes primarily due to uneven cooling after rolling. Several  
experimental measurements on residual stress showed that it can be dependent on few parameters such as 
manufacturing processes, geometry of the section, fabrication process etc.  (McFalls and Tall 1969; Alpsten and Tall 
1970). Also, tensile residual stresses exist in the surrounding area of weld especially in welded built-up members 
due to the cooling of the weld metal. Thus, patterns (i.e. magnitude and distribution) of such kind of residual stresses 
are significantly different from rolled section as found from several measurements (Alpsten and Tall 1970; 
Nethercot 1974; Fukumoto 1981). However, weld type and yield strength of base material do not affect the pattern 
of residual stresses significantly (Alpsten and Tall 1970). Figure 1 presents typical residual stress pattern 
(Chernenko and Kennedy 1991). The magnitude and distribution of these residual stresses can be obtainedfrom  
experiments on residual stresses (McFalls and Tall 1969; Alpsten and Tall 1970; Adams et al. 1981; Lay 1982).  
 
 
                                                    (a)                                  (b)                                (c)     
*σrc and σrt denotes maximum compressive and tensile residual stress     
 
Figure 1: Typical residual stress pattern (a) hot rolled, (b) WWF-universal mill plate, (c) WWF-flame cut, 
(Chernenko and Kennedy 1991)  
 
Research had also been performed from mid-nineteenth century to investigate the behavior of LTB of beams and 
summererized in few text books (Bleich 1952; Timoshenko and Gere 1961; Vlasov 1961; Galambos 1968; Trahair 
1993). At first, Galambos (1963) investigated the effect of residual stress on inelastic buckling behavior of beam. A 
series of experimental test was also been conducted by Dibley (1969) on rolled beams of universal I-section for 
grade 55 steel. Later on, Fukumoto et al. (1971) investigated the strength of the flexure members of high strength 
steel for both welding and annealing condition. In addition, Fukumoto and Kubo (1977) gathered several 
experimental strength data which were performed for both laterally supported and unsupported beams. Fukumoto et 
al. (1980) included initial imperfection i.e. residual stress and initial out of straightness into twenty five laterally 
unsupported beam specimens and carried out an experimental investigation to observe the strength variation of those 
beams. A concentrated point load was applied at the top flange and different levels of initial imperfections were 
considered. Another statistical study was presented for the experiment of laterally unsupported welded beams by 
Fukumoto and Kubo (1981). The measured value of longitudinal residual stress was significantly large compared to 
rolled beams in those experiments. Also, the ultimate moment capacity was much lower for welded section 
compared to rolled section of similar geometry.   
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2.2 CSA S16-14 strength curve 
The Canadian CSA S16-14 strength curve (CSA 2009) for doubly symmetric Class 1 and 2 sections are developed 
using Equations 1-3: 
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where uM  is the elastic moment, pM is the full plastic moment of section, rM is the factored resisting moment, L  
is the unbraced length of beam, E is modulus of elasticity, yI is moment of inertia in weak axis, G is shear modulus 
of elasticity, J is Saint-Venant torsion constant, wC  is warping constant and  is the resistance factor. 
 
Resistance factor,  , has been taken as 0.9 in CSA S16-14 from a statistical analysis conducted by Baker and 
Kennedy (1984), which was based on the test results of Dibley (1969). Dibley (1969) conducted a series of 
experiment on Universal I-shape rolled beams of 55 grade steel to invegtigate the maximum moment capacity of 
beams for LTB. Uniform moment along the center portion of each beam was achieved by conducting four point 
loading test. Residual stress was also measured on both surfaces of flanges and web of the beam.  
3. FINITE ELEMENT MODELING 
3.1 Elements and Mesh Configuration 
Nonlinear FE model is developed using the commercial finite element software package ABAQUS (ABAQUS 
2010). Both geometric and material nonlinearities are considered in modelling. Since shell element is the most 
suitable element for complex buckling behavior and has the capability of providing accurate solutions in case of a 
structure whose thickness is much smaller than the other dimensions (Smalberger 2014), a 4-node doubly curved 
shell element with reduced integration S4R (ABAQUS 2010) has been chosen from ABAQUS element library to 
model the web and ﬂanges of I sections (i.e. W and WWF).  
 
Eight elements are created across the width of the flange and thirty-two elements are created along the height of the 
web as shown in Figure 2. The element shape is chosen to be quadratic. Bilinear steel material is considered with 
isotropic hardening and elastic perfectly plastic strain stress property. A typical value of modulus of elasticity of 200 
GPa, probable  yield stress of 385 MPa and Poisson’s ratio of 0.3 is used in this study. 
 
 
Figure 2: Mesh configuration of FEM 
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3.2 Boundary Conditions and Load Application 
To simulate the idealized simply support boundary conditions given by Trahair (1993), into FE model following 
criterion are considered: 
 
1. Simply supported in plane: centroids of both ends were restrained against in-plane y-axis deflection  0U2  but 
unrestrained against in-plane rotation  0UR,0UR 21  , also one end is restrained against z-axis 
displacement  0U3  .  
 
 
 
 
 
                                                                                            
 
 
 
Figure 3:  (a) Boundary condition; (b) Load application 
 
2. Simply supported out-of-plane: all web nodes including the centroid of both ends were restrained against out-
of-plane x-axis deflection  0U1   and only centroids of the both ends were restrained against z-axis 
rotation  0UR 3  , but unrestrained against minor axis rotation and warping displacement (Trahair 1993).  
 
In addition, all nodes of two end cross sections are constrained to attain the theoretical simply supported boundary 
conditions successfully as depicted earlier using the following equation proposed by (Xiao 2014).  
 
[4]       0
w
w
w
w
yxyx1
yxyx1
yxyx1
yxyx1
xyyx1y,x,lw
4
3
2
1
1
4444
3333
2222
1111
T
e 






























 
 
Equation 4 provides longitudinal displacement, w  of any characteristic nodal point of end cross-section in terms of 
longitudinal displacement of four corner points (Xiao 2014). Using this equation, corresponding longitudinal 
displacement of four corner points for all nodal points (except the center node of web of both end) of end cross-
section of both ends are calculated and applied in ABAQUS using the equation constraint feature (ABAQUS 2010) 
as shown in Figure 3(a).  
 
Two pairs of concentrated force are applied in both top and bottom flanges of each end. The direction of those pair 
of forces is opposite to each other as shown in Figure 3(b). Hence, the magnitude of those concentrated force is 
calculated to apply a uniform moment of kNm 1 . Similar method for applying uniform moment was followed earlier 
by several researchers in different analytical model (Xiao 2014; Hassan 2013; Mohebkhah and Chegeni 2012; 
Sharifi 2015).  
(a) (b) 
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3.3 Analysis Type 
Two types of analysis i.e. elastic buckling analysis and non-linear analysis are performed to estimate the ultimate 
load carrying capacity of beams. Firstly, an eigenvalue analysis is performed for elastic buckling analysis in which 
eigenvalues of corresponding eigenmodes are determined using the linear perturbation buckling analysis. In this 
study, four eigenvalues for each run are extracted.  
 
Finally, RIKS method (ABAQUS 2010) is selected for non-linear post buckling analysis since it is suitable for 
predicting the instability as well as for understanding the non-liner behavior of geometric collapse (ABAQUS 2010). 
RIKS method is based on Arc-length method and a form of Newton-Raphson iteration method, in which an 
additional unknown, named load proportionality factor is introduced to provide solutions concurrently for load and 
displacement.   
3.4 Geometric Imperfection & Residual Stress 
According to Trahair (1993), the lowest eigenvalue refers the load which initiates the buckling of a structure and 
associated eigenvector refers the related buckling shape or buckling mode of that structure. Therefore, buckling 
mode obtained from the lowest positive eigenvalue from eigenvalue buckling analysis is chosen to apply initial 
geometric imperfection. Since, buckling mode shapes are normalized to provide the maximum displacement value 
as 1.0 at mid span, the selected buckling mode shape must be scaled with a suitable factor to take account the effect 
of imperfection on LTB. In this study, three different scale factors (i.e. L/1000, L/2000 and L/5000) are selected as 
initial out-of-straightness at mid span.   
 
In this study, typical distribution and magnitude of residual stress, as shown in Fig. 1, are chosen for both W 
sections and WWF sections as reported in several literatures. The maximum compressive residual stress, σrc, and 
tensile residual stress, σrt, is considered as 0.3Fy for W-beams (type-I). On the other hand, two types of residual 
stress pattern and magnitude i.e. universal mill plate and oxygen flame cut are considered for WWF-beams. Both 
distribution and magnitude of universal mill plates are quite similar to those W-beams. But, it is somewhat different 
for flame cut beams. Hence,  maximum compressive and tensile residual stress are taken as 0.3Fy and 0.5Fy 
respectively for universal mill plate (type-II). In case of oxygen flame cut beams, maximum compressive and tensile 
residual stress are taken equal to 0.4Fy and 1.0Fy for flanges while it is taken equal to 0.3Fy and 1.0Fy for web 
(type-III). Furthermore, a considerable amount of residual stress of 0.8Fy is considered at the flange tips. The typical 
residual stress pattern and their magnitudes taken in this study are based on the experimental measurement as 
reported by McFalls and Tall (1969). In FE model, the residual stresses are applied directly along the normal 
direction of the plane of both web and flange using  predefined field feature of ABAQUS  as an initial stress and 
difference between assumed residual stress and applied residual stress is shown in Figure 4. A static step is also 
created prior to RIKS analysis for the equilibrium of residual stress. No load is applied during this step.  
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Figure 4: Application of residual stress in (a) flange; (b) web of beam 
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3.6 Validation of Finite Element Model  
The preliminary validation of the FE model is done for the test result of rolled I-section which had been conducted 
by Dibley (1969). In total 30 tests were performed on five universal beam sections with different unbraced length.  
The beams were tested with loads applied symmetrically at two points to provide a constant moment region and 
were supported at the reactions and load points to prevent lateral displacement. Since the basic equation for critical 
buckling strength of an unsupported span, L was derived for idealized end support conditions and a uniform bending 
moment loading condition the span of beam should be replaced by an effective length so that the same equation can 
be used for any loading or support condition. The effective length was determined by the effective length factor, k. 
Detailed measurements of the deflected shape of test beams were also done to verify the calculated effective length 
factors. Reported effective length factor was ranging from 0.55 to 0.7.  However, in the FE model, idealized simply 
supported beam with uniform end moment was assumed. As a result, in the FE model, the length of each beam 
section was considered to be equal to the effective length as reported in test. Thus, in total five FE models of 12x4 
UB 19 section were modelled using the modelling technique as discussed in previous sections with a uniform 
moment of 1 kN-m applied at both ends. Material properties were taken as reported in the test i.e. Fy = 516 MPa, E= 
206000 MPa, and Poisson’s ratio = 0.3. Both elastic and inelastic lateral buckling response were captured from non-
linear FE analysis and the results were compared with the experiment results as shown in Table 1. It is observed that 
the FE model is able to predict the LTB capacity of beam satisfactorily. The maximum difference between test and 
the predicted lateral torsional buckling capacity was about 5%. 
Table 1: Comparison of FEM result with test result 
Section 
d 
(mm) 
b 
(mm) 
t 
(mm) 
w 
(mm) 
L 
(m) 
Effective 
Length 
Factor, k 
Effective 
Length, l 
Moment 
(exp) 
kN.m 
Moment 
(FEM) 
kN.m 
% 
Difference 
1
2
x
4
 U
B
 
1
9
 
308.9 101.9 8.9 6.1 
3.77 0.7 2.64 105.9 102.6 3.12 
3.29 0.7 2.30 126.3 119.87 5.09 
2.09* 0.7 1.46 190 192.19 -1.15 
1.05* 0.7 0.74 226.1 231.08 -2.20 
1.47* 0.7 1.03 204.6 207.32 -1.33 
* Inelastic lateral torsional buckling 
4. DESIGN OF PARAMETRIC STUDY 
The validated FE model is then used to perform the sensitivity analysis of initial imperfection on LTB capacity of I-
beams under uniform end moment condition. Both W shape and WWF shape beams are selected with a wide range 
of dimensionless slenderness ratio so that the beams lie both in intermediate and slender region.  Depth, flange 
width, thickness of flange and web of those selected beams vary between 1800mm-229mm, 210mm-550mm, 50mm-
12mm and 8mm-45.5mm respectively. Three different unbraced lengths are chosen for each of the beam ranging 
from 5.5m to 20m with three levels of initial geometric imperfections. In addition, type-I residual stress is selected 
for W-shape beams while  WWF-shape beams are analyzed for both type of (i.e. type-II and type-III) residual stress 
pattern. Thus, in total 135 FE models are developed for W shape beam and 270 FE models are developed for WWF-
shape beam.   
5. DATA ANALYSIS AND RESULTS 
Finite element results from various run need to be non-dimensionalized to compare them with CSA S16-14 strength 
curve. Therefore, ultimate moment capacity, ultimateM , is  non-dimensionalized by dividing with the plastic moment, 
pM , of the corresponding section. Also, a modified slenderness ratio, ,MM up is defined where uM  is the 
elastic moment capacity of beam from Equation 1. Figures 5(a), 6(a), and 7(a) show CSA S16-14 strength curve 
along with the analytical result points plotted on the same axes of ratio sslendernes modified   vsMM pultimate , where 
ultimateM  refers to ultimate moment capacities from both FE analysis and CSA S16-14 equations. It is observed from 
Figs. 5(a), 6(a), and 7(a) that when imperfections are less, the predicted values are close to the current CSA S16-14 
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strength curve. Another important finding from these graphs is that the discrepancies between FE results and CSA 
S16-14 equation are more in inelastic portion. It is also evident from the FE analysis that presence of residual stress 
affects the resisting capacity of beam. In case of flame cut type residual stress, the FE results are very close to code 
values. In addition, Figures 5(b), 6(b) and 7(b) demonstrate the typical end moment vs end rotation behavior of W 
shape and WWF shape beams. The ordinate corresponds to applied moment at both ends during FE analysis.  Thus, 
moment vs rotation curve has been achieved for three levels of initial imperfections as shown in these figures. In all 
cases, it can be observed that rotation increases gradually up to the point where instability occurs and then dips 
sharply due to considerable reduction in stiffness. From these curves, it is also very clear that, resisting capacity of 
beam is dependent on imperfection and the less the amount of imperfection the value of ultimate moment capacity is 
more. 
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Figure 5: (a) Comparison of FE results with CSA S16-14 and (b) M-Ɵ relation of W 1000x371 (8m)  
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Figure 6: (a) Comparison of FE results with CSA S16-14 and (b) M-Ɵ relation of WWF 1100x458 (8m) for UM 
residual stress 
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Figure 7: (a) Comparison of FE results with CSA S16-14 and (b) M-Ɵ relation of WWF 1100x458 (8m) for FC 
residual stress 
6. CONCLUSION 
Lateral torsional buckling is considered as a limit state when designed laterally unsupported beams. The primary 
objective of this study was to develop a FE model for investigating the moment resisting capacity of laterally 
unsupported beam (W-shape and WWF-shape) due to lateral torsional buckling. In addition, effects of two forms of 
geometric imperfections, i.e. initial out-of-straightness and residual stress, on LTB capacities of I beams were 
studied. Three levels of initial out-of-straightness were considered both for W-shape and WWF-shape beams. Also, 
typical residual stress pattern of hot rolled section was selected for W-shape beams and two types of residual stress 
pattern (universal mill plate and flame cut) were selected for WWF-shape beams. Typical values and distributions of 
all these residual stresses were obtained from literature. It was evident from FE analysis that moment resisting 
capacity of both types of beams against LTB is highly dependent on magnitude of initial geometric imperfection. 
From FE analysis, it can be said that amount of initial out-of-straightness shows an inverse relationship with 
strength. Beams with an initial out-of-straightness of L/5000 showed more close relation with current CSA approach 
than other levels in all cases. Also, W-shape beams showed good relation compared to WWF-shape beams which 
refers that CSA S16-14 approach is somewhat more un-conservative for welded shapes. However, results from 
WWF beams with flame cut residual stress were very close to current strength curve. This is because in flame cut 
pattern, there is a high magnitude of tensile stress at flange tips and web to flange joints which could compensate the 
compressive residual stress. Nevertheless, the strengths of both types of beams were less than the predicted values 
from code in all cases. The difference between FE and code results were large for beams in the intermediate range 
and becomes small as it goes to slender range. In addition, it showed more discrepancies in case of deep beam than 
shallow beam. 
 
It should be noted that due to the limited number of beams and simplified residual stress pattern assumed for this 
study, these results are not yet decisive. Since, residual stress pattern and magnitude vary depending on the 
geometry of section, manufacturing and fabrication processes, further analytical and experimental investigations are 
needed to be carried out with different residual stress pattern and magnitude to get a clear view of the performance 
of current code equations for uniform moment as well as for different loading configuration which are currently in 
progress. 
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